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Abstract. Let M be an n- dimensional connected compact manifold with non-empty boundary 
equipped with a Riemannian metric g, a spin structure a and a chirality operator F. We define 
and study some properties of a spin conformal invariant given by: 

An,in(M,9M) - inf |Af (g)|Vol(M,g)", 

where Aj^(g) is the smallest eigenvalue of the Dirac operator under the chiral bag boundary 
condition Bi. More precisely, we show that if n > 2 then: 



1. Introduction 



On a compact Riemannian spin manifold without boundary (M", (7), several results (see Hij86J, 
|Lot92j , |Bar92j or lAmmOSB] for instance) have been devoted to a spin conformal invariant inde- 
pendently introduced by Hijazi and Lott and defined in terms of the smallest positive eigenvalue 
of the Dirac operator. This invariant is given by: 

A+JM,[5],^) := inf A+(5)Vol(M,5)i (1) 

where [g\ and a are respectively the conformal class of the Riemannian metric g and a spin 
structures on M (they also define this invariant from the largest negative eigenvalue of the Dirac 
operator). In |Lot92j and |Amm03a] . the authors proved that A^;^(M, [g],o") > using pseudo- 
differential operators and Sobolev embedding theorems. Moreover, in |Amm03a] and |AHM03] 
it is shown that: 

TL — 

A+ JM, [g],a) < A^i„(S", fet], ^st) = ^'^^ ' (2) 

where S*^ is the n-dimensional Euclidean sphere with standard conformal and spin structure 
and ujn stands for its volume. In |AHMj . Ammann, Humbert and Morel proved that Inequal- 
ity is strict under some geometrical assumptions. More precisely, they introduced the mass 
endomorphism on locally conformally flat manifolds which is the constant term of the Green 
function of the Dirac operator and they showed that if this endomorphism is not identically zero, 
n ^ 3 mod 4 and ker(D) = {0} then Inequality Q is strict. The strict inequality has several 
applications; first using the Hijazi inequality (see |Hij86| and Hij91| ), it gives a spinorial proof 



of the Yamabe problem (see jLP87j); secondly one can obtain solutions of a nonlinear partial 
differential equation in a way analogous to the Yamabe problem. Note that this equation is 
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critical in the sense that the Sobolev embeddings involved are critical. For a complete review of 
these results, see |AHMn4j . 

In this paper, we define and study an analogous spin conformal invariant in the context of com- 
pact manifolds with boundary. On such manifolds, the Dirac operator has an infinite dimensional 
kernel and a closed image with finite codimension so we have to impose some boundary condi- 
tions on the restriction to the boundary 9M of the spinor fields on M. More details on elliptic 
boundary conditions for the Dirac operator can be found in |BBW93] . |HMR02| or |FS98j . In 
order to define a well-posed spin conformal invariant, we have to choose some adapted boundary 
condition, i.e. a conformally invariant boundary condition. The chiral bag boundary condition 
is such a condition and so on a compact Riemannian spin manifold with boundary we let: 

A^in(M,9M) := inf |Af(5)|Vol(M,5)i 

where A^(^) is the smallest eigenvalue of the Dirac operator under the chiral bag boundary 
condition (see Section I^J, g (resp. [g]) is a Riemannian metric (resp. the conformal class of 
g) and a a spin structure on M. The main result of this article is the following: 

Theorem 1. Let (M",g,cr) he a connected compact Riemannian spin manifold with smooth 
boundary equipped with a chirality operator T. Then: 

where LOn stands for the volume element of the standard sphere 

The proof of this theorem is given in four steps. First in Section |21 we give a variational char- 
acterization of this invariant. Then in Section 01 we will compute explicitly its value on the 
standard hemisphere and in particular we will construct Killing spinor fields which satisfy the 
chiral bag boundary condition. Sectional is devoted to the construction of a trivialization of the 
spinor bundle over the manifold M equipped with a Riemannian metric which sends (locally) a 
spinor field on the fiat space to a spinor field over an open set of M. Finally from a Killing spinor 
field and this trivialization, we will obtain an adapted test spinor to evaluate in the variational 
characterization of Aniin(M, OM). In Rau06b], we give a sufficient condition for a certain type 
of manifolds for which Inequality ^ is strict. This condition is based on the construction of 
the Green function for the Dirac operator under the chiral bag boundary condition. 

This invariant is closely related to the Yamabe invariant involved in the Yamabe problem on 
manifolds with boundary. This problem could be stated as follows: given (M"',g') a compact 
Riemannian manifold of dimension n > 3, does there exist a metric g conformal to g for which 
the scalar curvature is constant and the mean curvature is zero? This problem has been solved 
in many cases by Escobar |Esc92bj . Solving the Yamabe problem is equivalent to finding a 
positive smooth function / of the following boundary value problem: 

L^/ := ^A,/ + R,/ = C/^-i on M 
B,/|aM := + Hg/ = along dM 

where R^ (resp. H^) is the scalar (resp. mean) curvature of (M, g') (resp. {dM, g^Q^^)) , N = 
and C is a constant. The existence of a smooth positive solution to this system is based on the 
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study of the Yamabe invariant defined by 



fi{M,dM):= inf 



Jm \urdv{g) 



This number only depends on the conformal class of g and if ^(M, dM) > it can be expressed 

as 

n{M,dM) =inf/xi(Lg)Vol(M,5)n, 

where the infimum is taken over all metrics g conformal to g and where fii{hg) is the first 
eigenvalue of the eigenvalue problem: 

LgU = fii{Lg)u on M 

^gU\dM = along dM ^ ' 

In |Esc92bj . Escobar shows that: 

^x{M, dM) < d^l) = n(n - 1) (^) " . (5) 

Moreover, he proves that if this inequality is strict then the Yamabe problem is solved. To point 
out the relation between Amin(M, dM) and this problem, let us recall some results. If n > 3, then 
the Hijazi inequality on manifolds with boundary jRau06cj relates X^{g) to the first eigenvalue 

and equality holds if and if only (M, g) is isometric to a half-sphere. Using the Holder inequality 
gives: 

A„,in(M, dMf > ^, " ^. /i(M, dM). (6) 
4(n — 1) 

Acknowledgements: I would like to thank Oussama Hijazi and Emmanuel Humbert for their 
support. I am also very grateful to Marc Herzlich and Sebastian Montiel for their remarks and 
their suggestions. 

2. ChIRAL bag boundary CONDITION 

In this section, we give some standard facts about compact Riemannian spin manifold with 
boundary and chiral bag boundary condition. This condition has been introduced in GHlHP83j 
to prove some positive mass theorems for black holes (see also Her98j ) . Note that this condition 
has also been studied in a serie of papers by Gilkey, Kirsten and others (see |BGKS03] , |EGK05j 
and GK05j). For more details on boundary conditions for the Dirac operator, we refer to 
rBBW93j or |HME,n2| . 

Let {M^,g) be a compact Riemannian spin manifold with boundary, denote by Tig{M) its spinor 
bundle, V its Levi-Civita connection and "•" its Clifford multiplication. The spinor bundle is 
endowed with a natural Hermitian scalar product denoted by ( , ) compatible with V and with 
the Clifford multiplication. The Dirac operator is then the first order elliptic differential 
operator acting on Ilg(M) locally given by: 

n 
i=l 
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for all G r(Sc,(M)) and where {ei, e„} is a local g-orthonormal frame of the tangent bundle. 
Since the boundary is an oriented hypersurface of M, there exists a unit vector field v normal 
to 5M and then the boundary is itself a spin manifold. We denote by := Sg(M)|gj^ the 
restriction of the spinor bundle of M to the boundary. This bundle is also endowed with a 
Levi-Civita connection V^, a Clifford multiplication and a natural compatible Hermitian scalar 
product. 

Now suppose that there exists on the manifold M a chirality operator T, i.e. an endomorphism 
of the spinor bundle satisfying: 

r2 = id, (r(^,r^) = ((p,v) 
Vx(rV') = r(VxV'), x-rv = -r(x-^) ^'^ 

for all t/' S r(Sg(M)) and X G r(TM). Since the endomorphism • F is involutive, we have 
an eigenbundle decomposition = V"'" © V~ where is the eigensubbundle associated with 
the eigenvalue ±1. We can then check that the projection: 

B±: \}[^g) L2(V±) 

99 I — > ^(id ± • r)(/;, 

defines an elliptic boundary condition for the Dirac operator called the chiral bag boundary 
condition. Indeed, in |FS98j the authors show that: 

D, : W± = {(^ G H? / B±((^|aM) = 0} ^ L2(E,(M)) (8) 

defines a self-adjoint Fredholm operator, i.e. the kernel of is finite dimensional and its image 
is closed in L^(Sg(M)). Then we have an L-^-orthogonal splitting: 

H± = Ker±(D3)©C±, (9) 

where is the L^-orthogonal of Ker^(Dg) in "H^ ■ It is easy to check that is closed in W^. 
Moreover, under this boundary condition, the spectrum of the Dirac operator with domain 
Ji^ consists of entirely isolated real eigenvalues with finite multiplicity and it admits a spectral 
resolution: 

L2(S,(M))= AA,±(,)(D,), (10) 

A±(3)eSpcc±(Dj) 

where Spec^(Dg) is the spectrum under the boundary condition B^ and M\±(g^{^g) is the 
eigenspace associated with the eigenvalue A^(g). In RauOGgJ , we show that this set of eigenvalues 
satisfies the Hijazi inequality ©. We are now ready to define the chiral bag invariant. 

Definition 1. The chiral bag invariant is given by: 

A± JM,9M) := inf |Af(g)|Vol(M,5)i 

where Xf{'g) is the smallest eigenvalue of the Dirac operator under the chiral bag boundary 
condition Mj. 

Remark 1. This definition seems to depend on the boundary condition chosen B+ or B~, 
however it doesn't. Indeed, we are going to check that Spec"''(Dg) = — Spec~(Dg) and then 
A^jjj(M, dM) = A~j^(M, dM). Let ip G F(Sg(M)) be an eigenspinor for the Dirac operator under 
the B~ boundary condition, then it satisfies the eigenvalue problem: 

J Dg(/3 = X(p on M 

1 ^ ■ ^V>\aM = V>\dM along dM 
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We can then decompose the eigenspinor following the chirality decomposition, i.e. (/? = ip'^ + (p~ 
where ip^ = ^(1 ± T)(p. Since the Dirac operator sends positive spinors to negative ones and 
conversely, an easy calculation leads to = — A^, where ip = — ip~ . Using the boundary 
condition, the chirality decomposition and since Clifford multiplication by u interchanges the 
chirality of spinor fields, we can easily check that u ■ tp^Qy^ = ±(/?j^j^. We deduce that: 

and then —A € Spec^(Dg). In particular, we have Ker'^(Dg) ~ Ker^(Dg) and Clifford multipli- 
cation by h' sends C+ on C~ . 

Taking this into account, we will denote by Aniin(M, 3M) the chiral bag invariant in the rest of 
this paper and we will consider the B~ condition. 

3. Variational characterization 

The aim of this section is to give a variational characterisation of the chiral bag invariant. More 
precisely, we prove that: 

Proposition 2. We have: 

I r 2n "+1 

A^,.(M,9M) := inf |Ar(^)|Vol(M,5)^ = inf { \7 'j'^f ' ^".^ " }■ (11) 

In order to prove this proposition, we need a variational characterization of the first eigenvalue 
of the Dirac operator under the chiral bag boundary condition. So we first show: 

Proposition 3. The square of the first eigenvalue of the Dirac operator is given by: 



f&c- ^ j^\ip\^dv{g) J 



We omit the proof of this proposition which can be seen as a direct application of the Rayleigh 
quotient. However, we refer to jE,auf)6aj for a rigorous proof. We can easily deduce from the 
Cauchy-Schwarz inequality and from the preceding proposition the following result which is very 
useful for the variational characterization of Aniin(M, (9M). 

Corollary 4. The first eigenvalue of the chiral bag boundary condition is given by: 

J^\B,^l:\^dvig) 



\Ki9)\ = inf { 



V'GCg- I fj^Re{Dg^p,^)dv(g)\ J ' 

From now on, all quantities which depend of the metric are written with their reference metric. 
We now briefly recall some conformal aspects of spin geometry. Let g = f^g be a metric in the 
conformal class of g, then there exists an isomorphism F between their respective spinor bundles 
T,g(M) and Sg(M). We can also relate the Dirac operators D^ and D^- (see |Hit74j or |Hij86| ) 
by the formula: 

, > n + 1 , , n — 1 , ^ , ^ 

Dg(F(^)) = /-— F(D3(/— V')). (12) 

The chiral bag boundary condition transforms nicely under conformal change of metrics. Indeed, 
if there exists a chirality operator acting on $]g(M), then the map 

r := F o F o F"i : Sg(M) — > ^^(M) 
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defines a chirality operator on the spinor bundle over M endowed with the metric g.Thus the 
orthogonal projection 

Bf: L^Sj) L2(V^) 

I — > i(Id±I7T)99, 

also defines elliptic boundary condition for the Dirac operator. Then using the conformal co- 
variance of the Dirac operator and that of the chiral bag boundary condition, we easily check 
that: 

n — l 

7p G Ker(Dg) ^ — F(?/^) E Ker(Dg). 
Its L^-orthogonal complement also transforms naturally as: 

Proof of Proposition \^ The proof is closely related to the one given in |Amm03a| . First we 
note that since the Dirac operator under the chiral bag boundary condition admits a self-adjoint 
L^-extention, we can identify the orthogonal of the kernel with the image of T)-g. With a slight 

abuse in the notations, let ^ = f 2~F((^) G and then using Corollary 0] and the preceding 



discussion, we can write: 

J^\^\^dv{g) 



*eC,l|/MRe(^,D^i^)dt;(5)|-' 

J^\f~'^F{^rf-dv{g) 



inf 



inf 



Re(/-^F(^), D- 1 (/-^F(y,)) )fndv{g) \ 



f^f-'\^\^dv{g) 



veCg ^ I f^Re{ip,Dg^ip))dv{g) 
Now note that, using the Holder inequality, we have: 



■}. (13) 



(/ \ip\^^dv{g)) " <( / f-'\ip\^dv{g))"^\om,g)^, 



for all / G C^]f(M), ip £ Cg and with equality if and only if / = c|(/9|"+i or = 0. We then 
obtain that: 



inf \( [ f~^\^\^dv(g))''+'vol(M,g)^] 



^ ||¥'|lL2n/("+l)' 



2 

for if £ C~ . However, if the spinor field 99 has no zeros we can let f = \^\ "+i and then we have 

equality in the preceding inequality. Otherwise we can easily find a sequence : M — > such 
that if gk = fig then: 



( / 4-Vl'd^(5i))"+^vol(M,g,)^ M\ 
Jm 



L2n/{n + l) 5 



for all (p £ C„ . 
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Using all these arguments and the fact that g = f^g, the chiral bag invariant is then given by: 

An,i„(M,5M) = ^^^nf^^|Ar(5)|vol(M,5)^ 

= inf inf I (/MrVP^^(g)) .oi(M,^)a 
= inf inf I (/MrVN^(g)) oi(M,^)a 

2n 1+1 

□ 



4. The case of the hemisphere 

In this section, we consider the particular case where the manifold is the hemisphere endowed 
with its standard spin structure and conformal class. In fact, we show that on S", we can 
construct Killing spinor fields satisfying the chiral bag boundary condition. Thus we will be 
able to compute explicitly the value of Aniin(S+,5S+)- First we prove the following result: 

Proposition 5. On the half-space M" endowed with the standard Euclidian metric ^, there 
exists a spinor field G r(S^(R")) which satisfies the following boundary problem: 

( Y)^^p^ = ±§/^± onM^ 

j B^(V'Jki^) = along 5R^}. 

where is the Dirac operator on and f is the real-valued function given by f{x) = 
with = xf + ... + if X = {xi, G . Moreover, we have the following relations: 

|D^V^|2 = /"+i and iV'^p = /'^-i. (14) 
Proof: Fix $o a parallel spinor on and for x = (xi, ...,Xn) G we define: 

il)^{x) = --^/t(a;)(l ^ x) ■ ^o{x). 

An easy computation using the parallelism of $0 and the relation di ■ dj + dj ■ di = —2Sij for all 
^ < i,j < n leads to: 

Note that: 

2 - f{xy = fix) 

and then: 

B^i^+{x) = -f{x)^+{x). (15) 

The preceding calculation depends only on the parallelism of the spinor field $0i so we now 
show that this spinor can be chosen satisfying the chiral bag boundary condition. In fact, if we 
let ^'o = 5(^0 + • r$o) where is a smooth extension of the normal field u, then, since dW^ is 
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totally geodesic in M^, the spinor field is also parallel hence it also satisfies ()15|). Now using 
the properties of the chirality operator, we have: 

^ • ^^mi = If^^'^^ • r((i - x) • (cDo + • r^o))\9^n = i^^g^y 

Finally, we can easily compute that this spinor field satisfies the relations dJ. □ 

Using this result, we can now construct a Killing spinor field on the standard hemisphere 
satisfying the chiral bag boundary condition. Indeed, we have: 

Corollary 6. On the standard hemisphere S", there exists a Killing spinor G r(Sg^^(S")) 
satisfying the following eigenvalue problem: 

/ D^+((^±) = ±§^± onS- 
\lB.j4s!t) = along 5S^^, 

where is the Dirac operator on . 

Proof: First recall that if (; € (9S" , then the stereographic projection of pole q gives an isometry 
between {W\., f"^ Qeucx) and (§" \ {q},gst), where / is the function given in Proposition |S1 The 
bundle isomorphism F described in Section |31 allows to identify the spinor bundle over M" with 

that over S" \ {q}. So if we let ^p'^ := / 2~F('(/;^) where is the spinor field constructed in 
Proposition [21 the conformal covariance of the Dirac operator H12|) gives: 

and the one of the chiral bag boundary condition leads to B^^^((/3j^g„ ) = on S" \ {q}. Now 

we show that this spinor field extends to the whole hemisphere. For e > let r/^ : U — > [0, 1] 
be a cut-off function with support in an open set U of and with g G U. More precisely, we 
suppose that rje = 1 on B^(g), supp(?7e) C B^^(g) and |V?7e| < C/e where C is a positive real 
number. Observe now that for <I> G we have: 

yst 

/(^±,D^^$)dK5st) = /((^±,D^+(r?,$ + (l-r?,)$))d^(<7st) 

(VP±,D^+((l-r?,)$))d^;(5st)+ / %D^+<I>)dt;(5st) 

+ [ {ip^,Vr]e-^)dv{g,t). (17) 
Jv 

Since (p^ satisfies the chiral bag boundary condition on S" \ {q}, we get: 

/ (v.±,D^+((l-r?,)c&))dt;(5st) = ±| / (1 - r?.)$)d^(5st) — > / <I>)^i^(5st). 
On the other hand, an estimation of the second term in Identity 1)171) leads to: 

|^(v9±,r/,D^^$)dt;(53t)| < IIv'^IIl2(b+)I|D^"^IIl2{b+)- 

It is then easy to conclude that the righthand side of this inequality goes to when e ^ 0. Let's 
now look at the last term in (|17)) . We have: 

I j^iv^^Ve ■ ^)dv{g,t)\ < vol(B+ (g))^ ||Vr?,||co Hv^^Hl^ II^-IIl^ < (^l Iv'^l Il2(b+ ) 
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and since n > 2, it converges to when e — > 0. Hence, we have proved that the spinor field 
satisfies, in a weak sense on U, the eigenvalue boundary problem (|T6|) . The classical regularity 
theorems allow to conclude that it is satisfied, in a strong sense, on S" . □ 

We can thus easily compute the value of the chiral bag invariant on the hemisphere. Indeed we 
have the following result: 

Corollary 7. The chiral hag invariant on the hemisphere is given by: 

XnnniSl,dSl) = ^['^y. (18) 

Proof: First, we note that using the Hijazi inequality we have: 

2 2 



Moreover (see Corollary E)) , since a Killing spinor is an eigenspinor for the Dirac operator under 
the chiral bag boundary condition, we obtain: 

A,„in(S'^,aS!^) := inf \Xi{g)\Yol{Sl,g)i < |Ai(5st)|Vol(S't, <7st)- ""^"""^ 
and we can easily conclude. □ 

5. A TRIVIALIZATION OF THE SPINOR BUNDLE 

In order to prove Theorem we have to construct a trivialization of the spinor bundle over M 
endowed with a Riemannian metric around a boundary point. This trivialization arises from 
a bundle isomorphism introduced by Bourguignon and Gauduchon |BG92j to identify spinors 
on a Riemannian spin manifold endowed with two distinct metrics and from an adapted chart 
of the manifold around a boundary point, the Fermi coordinates. We follow more particularly 
|XHM03,. 

Let g be a boundary point and let (xi, be normal coordinates on dM at this point. 
Let t I— > 7(t) be the geodesic leaving from (xi, in the orthogonal direction to dM and 

parametrized by arc length. Then: 

J^q-. U C T,M — > V C M 
(xi, I — > m 

are called the Fermi coordinates at q ^ dM. Moreover in these coordinates, the arc length ds'^ 
is given by: 

ds"^ = dt^ + gij{x, t)dx''dx\ (19) 
for all 1 < i, J < n — 1 and (x, t) S U. Now let: 

G: VcM — > S+(n,M) = {A G A^n(]R) /A symmetric and positive-definite} 

m ^ G™ = (5ii(m))^<^^^.<^ 

the smooth map which associates to any point m G V the matrix of the coefficients of the metric 
g at this point in the basis {di, ...,dn-i,dt}. In Fermi coordinate, we can also write: 



Gm = ^ ^J" ^ ^ , with Gm = {gij{m)) 



l<i j<n— 1 ' 
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Since the manifold M is Riemannian, the metric is positive-definite and symmetric at each point 
m G V, hence Gm too. In a same way, the matrix is also positive-definite and symmetric. 
So there exists G S^(n — 1,M) such that: 

52 _ 1 

which depends smoothly on m. If we let: 

then this matrix satisfies = G"-*^. Note that for all X,Y e MIJl, we have: 

* (B^X) Gm {BmY) = 'X InY = ^{X, Y) , (20) 
where ^ stands for the standard euclidian metric on R" . We then have an isomorphism: 

which, by construction, depends smoothly on m. We can now identify the SO„-principal bundles 
SO(U, ^) and SO(V,g) of oriented ^ and ^-orthonormal frames of (U, ^) and (V, 5). In fact, the 
following diagram is commutative: 

SO(U,0 S0(V,5) 



U C TqM — V C M 

■Fq 

where ^ is given by the natural action of B on SO(U, $,). This diagram commutes with the right 
action of S0„, then the map ( can be lifted to: 

Spin(U,0 Spin(V,5) 



U C T,M . V C M 

J-q 

Hence, we obtain an identification between the spinor bundles S^(U) and Sg(V) given by: 
S^(U):=Spin(U,Oxp„S„ E,(V) := Spin(V, 5) E„ 

where is the complex spinor representation. In the same way, we can identify the 

boundary spinor bundles S^(U) := S^(U)|un9R!j: ^"^^ Sg(V) := Sg(V)|vnaM- 

Now we are going to relate the Dirac operator Dg acting on sections of Sg(V) with the Dirac 
operator acting on those of S^(U). First, let: 

ei := bldj, 

where 6^ are the coefficients of the matrix Bm and then {ei, e„} is a local orthonormal frame 
of (TV, g). We can also suppose that the unit vector field e„ is the inner unit vector field v := dt 
normal to dM. and then we have iPn = Si, and bf = (5" for all 1 < i,j < n. Denote by V (resp. V) 
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the Riemannian and spinorial Levi-Civita connection on (U,^) (resp. (V,g)) and the Christoffel 

ij 



of the second kind T^- are defined by: 



^ij = 5(Ve,ej,efc). 

We can then easily check that Clifford multiplications on S^(U) and 5]g(V) are related by: 



di ■ i/j = ei ■ i/j, 

for all Tp G Sg(U). Moreover, for a spinor field G r(Sg(U)) then t/j G r(Sg(V)) and by 
construction of the spinorial Levi-Civita connection, we have: 



^ ^ 



l<j,k<n 



Using the local expression of the Dirac operator D^, we get: 

D,^ = D^V+ E Yl rf^ e,-e,-efc-V. (23) 

i,j=l ^^id,k<n 

We can then prove the following statement: 

Proposition 8. IfT>^ and Dg are the Dirac operators acting respectively on Sg(U) and Eg(V), 
then we have 

" — 1 

Bg^ = B^+J2 {bi-6i)di-Va^4^ + W-4^ + T-lp + u-Z-i^- Hi ? • V^, (24) 

where V G r(TM) is a local extention of the inner normal vector field v G r(TM|g]y[) and where 
W G r(A3(T*V)), T G r(T*V) and Z G r(A2(T*V)) are given by 



W 



1 E bidr{b',){b'')fe,-e,-e, 

l<i j'.fc<n— 1 
l<i j'<ra— 1 

2 E {dnmb-')i + b^jTUb-')}) e. • e„ 



4 

l<i j'<n— 1 



with Hj i/ie mean curvature of dMt := {0g(x, t) / t is constant} and where, for any point m G V, 
the coefficients (6~^)f are the coefficients of the inverse matrix o/Bm- 

Proof: In order to compute the second term of formula 1)23^ . we decompose the sum into tan- 
gential and normal parts. An easy calculation using the fact that = leads to 



■ nn 

n—l n— 1 



E ^% Ci-ej-ek-ip = E ^ij ei-Cj -ek-iJ + f Y^ni^i' ' V' 

l<i,j,k<n i,j,k=l i,j=i 

n—l n—l 

E ^iri Si • ej • + • E '^y^ 

n-l 

-E(fL-c+rrje,-?. 
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Now note that we have F^^- = —Tjj^, F^^ = by construction and : 
hence F^ = for all 1 < i < n. Then the preceding equality gives: 

n n— 1 n— 1 

i,j,k=l i,j,k=l i,j=i 

However, the last term of this expression can be simplified using the fact that F^^ = — F^^ = 
to give: 

n— 1 



where = Z^"=/ gi—^ej^-, is the mean curvature of dMt. A direct computation gives: 

n— 1 n— 1 

i,j,k=l i^j^ki^i i,j=l 



then combining all the above results, we have: 



(1) 



n— 1 ^ n— 1 



i,j=l i,j,k=l i,j=l 

-"^Ht^-^+l^-j: {fl + f - Fj J e,.ej.^. 

iitj 



(2) 

We are now going to give the expansion of the preceding expression in terms of the coefficients 
{^)^<^,j<n■ First consider (1); by construction of the 6^, we have F^jefc = V^^U^di and otherwise: 

where the Christoffel symbols FJ,^ are given by FJ.^ = g{Vd^ds,di). We then have: 

ffjek = {bldrib'j) + blb'^Ti,)di, 

and so: 

r^^ = {bldrib'^) + blb^^Ti,){b-')t (25) 
The term (1) is hence given by: 

n—l n—l 

^ ff^a-ej-ek-^ = Yl {b:drib'j) + blb'fis)ib-')fei-ej-ek-^. 

i,j,k=l i,j,k=l 
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Using the symmetry of the Christoffel symbols and the relation • Cj = —ej ■ Cj for i ^ j, we 
easily check that (1) is given by: 

i,j,k=l ^^iyjjkKn—l 

with W G r(A3(T*V)). For (2), note that we have fl- = {dn{bl) + blVl^^di) {b-^i and: 

so identifiying the two parts leads F*-^ = 6jFj,„(6^^)^. The symmetry of the Christoffel symbols 
allows to conclude: 

^ n—l 

(2) = 4^ • E {dt{bl){b-')i + b^,TUb-')i) e,-ej-i^ = V.Z.lf, 

where Z G F(A2(T*V)). □ 

6. Manifolds of dimension n > 3 

In this section, we use all the preceding results to prove the following theorem: 

Theorem 9. Let {M,g,a) be a connected compact Riemannian spin manifold of dimension 
n >3 with non-empty smooth boundary equipped with a chirality operator F. Then 



A^i„(M,5M) < X^,^(Sl,d8l) = ^[■y)"' (26) 
where LOn stands for the volume element of the standard sphere S". 

The proof of this theorem is based on the computation of the first terms of the Taylor develop- 
ment of the Dirac operator in the trivialization introduced in Section [51 The final step consists 
of the construction of a test spinor satisfying the chiral bag boundary condition using the one 
of Section 0] 

6.1. Expansion of the metric. Here we give the development of the metric in Fermi coordi- 
nates around a boundary point in order to obtain the Taylor expansion of the Dirac operator 
in the trivialization of Section El in terms of curvatures. Let q G dM. and for any point m with 
V 9 m ~ {x,t) G U, denote by r = the distance from q to m. Recall that in Fermi 

coordinates in the neighborhood of q, we have the following development of the inverse of 
the metric g (see |Esc92a) ): 

g^j = +2h'^{q)t-\R\l{q)x^x'' + g%^{q)x''t 

+ {?,h'^{q)hm\q)+R\J{q))t^ + 0{r^), ^ ' 

for all 1 < i, j < n — 1 and where K^^ = g^^g^^h^i {h^i are the components of the second 
fundamental form), R^^p (resp. R^^^'') those of the Riemann curvature tensor of the manifold 
M (resp. of the boundary dM) and g^''^^ '■— dadtg^-^ ■ Then we write: 

= Id + Gi + 02 + Gg + G4 + 0{r^), 

with: 

(Gi)^^' = 2h'^{q)t, {G2r = -Wjil) ^''x" 

{^^V = 9%M) (G4)*^' = (3/i™(g)/i™ '{q) + R\n\q)) t^- 
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Using the fact that GmG^^ = Id, an easy computation gives: 

In order to have the Taylor development of W G r(A3(T*V)), T e r(T*V) and Z E r(A2(T*V)) 
of Proposition ISl we first consider the development of the 6^ -coefficients. Writing: 

= Id + Bi + B2 + B3 + B4 + B5 + 0{r^), 

with: 

(Bi)jj = BjjcfX", (B2)jj = Bjjft 

{B5)ij = Bij£2t^, 

and the relation B^ = yields to: 

H = H+h^Kq)t-\R\p\q)x"xP + \g%M)^''t 



3\ 



(29) 



An analogous computation gives the following inverse (6 -coefficients expansion: 

(5-1)1 = 51 - h^^{q)t + \R\p\q) x-xP - \9%M) " Wnn\q) + 0{r^) (30) 
We also need the first derivaties developments: 

dkH = -\{R\.'i<i)+R\k'{<l))^'' + \9%Mt + 0{r') (31) 

and: 

d4 = h'i{q) + \g%M ^" + {2W'^{q)hn. ' {q) + R\J{q)) t + 0{r^). (32) 
We are now ready to prove the following statement: 

Proposition 10. The fields W G r(A3(T*V)), Z G r(A2(T*V)) and T G r(T*V) given in 
Proposition\^ satisfy: |W| = O(r^), |Z| = O(r^) and |T| = 0(r). 

Proof: First consider the 3-form W; using Proposition |H1 and Identity (|32|) . and since dk{b^j) has 
no constant term, we can observe that any term of order 1 in h[dr{h^j){h~^)^ is a product of 
0-order term of h\ and of a term of 1-order of dr{h^j), then we have: 



W = I E (5.(6,') + 0(r2))e,-e,--efc 



4 

l<i,j,fc<n— 1 

Moreover since di{bj) = di{bl.) and for j ^ k, ej ■ = — • then 

di{b'^) ei ■ ej ■ ek = 

l<i j,fc<n— 1 

and |W| = O(r^). We now investigate the 2-form Z; because of the expression of Z, we first 
develop the Christoffel symbols r',„ for 1 < r,l < n — 1. Recall that: 



Trn — ^d'^idrgnk + <9n5rA: " dkgrn) 

and since l</c,r<n — 1 then (5r„fc = gm = 0, so we have r[„ = ^g^'^dngrk- Using (^5]) . we 
deduce that: 



9n5rA; = -'^Kkiq) + grk^iq)^" + '^{^rm{q)h"'i^{q) - Rrnkniq))t + 0{ 
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Similarly, we compute: 

rL = -hri{q) + yrlMQ)x'" + {^rl{q)-2h'^iq)hrk{q))t + 0ir^), 
where K^k = hrmh^k ~ ^mkn and finally with the help of (|29j) and (|3U|) . we obtain: 

= -h,,iq) + i<7.,,*.((7)x" + {Kj.iq) - 2h'\q)hkj[q)> + 0{r^). 
The first term 9„(6')(6~"'^)j in Z is given by: 

dn{h^d{b'^)\ = + b'\taiQ)x'' + ^'^{q)t + 0{r^)) (<5/ - h^^{q)t + 0{r^) 

= h'Kq) + y{tM>'' + [^''{q) - h'\q)h^\q))t + 0{r^). 

where K*' = 2h^"^h^ ^ + R^^n- Combining these two developments leads |Z| = O(r^). To 
conclude we examine the 1-form T; first we are going to relate the Christoffel symbols F^^- with 
the Christoffel symbols of first kind Vfj = g{Vg.dj,dk)- Using the classical formula: 

^ij = la'^^idiOji + djgu - dwij) 
and a simple derivation on the development ()28|) of the metric tensor components gives: 

dkgij = ^{Rikajiq) + Riakj{q))x°' + gij,tk{q)t + 0{r'^) 
and then it yields to: 

^ij = I {Rjiakiq) + Rjaikiq) + Rijak{q) + Riajkiq) - Rikajiq) - Riakjiqi^x"" 
+\{gjk,tM) + gik,tj{q) - gijMi))^ + ^(r^). 

The symmetries of the Riemannian curvature tensor give: 

rfj = -^(Rikajiq) + Riakj{q))x'^ + \ {gjk,ti{l) + 9ik,tj{q) - gij,tk{(l))t + 0{r^), 



Using Proposition island the fact that T^j has no constant term, we have: 

f^, = 5i(6,^)+rf,+0(r2). 

The 1-form T then clearly satisfies T = 0{r). Moreover, we can give an explicit computation of 
the development of T. Indeed, we get: 

n—l ^ ^ 

T = ^ ( - -RHQ)ajx'' - -Ric{q)tjt + 0(r2)) e„ 
i=i 

where we used the Codazzi equation: 

Rijkn hii^j hjjfi (33) 

and the formula gij^t = —2hij. □ 
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6.2. The Estimate. In this section, we give the proof of Inequahty (|26() . However, we need 
the following lemma which gives the existence of an adapted test spinor in the trivialization 
constructed in Section [51 

Lemma 11. Let U and V be the open sets of the trivialization constructed in Section\^ and let 
S r(S^(U)) he a parallel spinor such that u-T(^Q{q) = $0(9) for one point q € 9VnM. Then 
we have: 

V ■ r$Q|gvnM = ^0|9VnM) 

i.e. Bg (loiavnM) = 0. 

Proof: Consider the function f{p) = \u ■ T<^q — <I>oP(p) defined on V, then we have to show that 
/ vanishes along the boundary d\ Pi M. However, for l<i<n — Iwe have: 

e,(/) = ei(|z.-r¥o-¥op) 

= 2ei(|¥oP + Re(i/-r¥o,^o)) 

Note that the spinor field $0 is parallel, so we can assume that I'l'oP = 1 ^-nd since the triv- 
ialization is a fiberwise isometry, we have |$oP = 1 and then ej(|$oP) = 0. Now using the 
compatibility of the Hermitian metric with the spinorial Levi-Civita connection and the prop- 
erties (O of the chirality operator F, we get: 

e,(Re(i/ • r¥o,¥o)) = Re(Ve,i/ • TIq, $0) + 2Re(i/ • r(Ve.¥o),^o). 
However since the spinor field is parallel. Formula (|22)1 leads to: 

1 " ~ _ 

j,k=i 

and thus we have 2Re(z^ • r(Ve,;¥o),^o) = \ YTj,k=i ^% ^^(^ " ^(^i ' ■ ^o),^o)- We can now 
split this sum with respect to the tangent part and the normal part. Indeed, we write: 

n n—l n— 1 n—l 

j,k=l j,k=l j=l j=l 

and since in Fermi coordinates we have F^- = —Tj^ and F^ = 0, we obtain: 

n n—l n—l 

j,k=l j,k=l j=l 

This leads to: 

Re(z.-F(Ve,¥o),¥o) = Re(Ve,i/-F¥o,¥o> + ^ Y ■ ^ej ■ ek ■^o),^o) 

^<j¥=k<n-l 
^ n—l n—l 

- 2 ( E r'i) ■ r¥o, ¥0) + Y • • y ■ ^0), ¥0) 

i=i i=i 
and since F^^- = and F^Cj = — Ve,i^, we conclude that: 

= E rfjRe(i/-F(e, •efc-¥o),¥o). 
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An easy computation using the properties of the Hermitian metric and those of the chirality 
operator show that: 

(i/-r(ej -efc •¥o),'^o) = -(i^-r(ej -Cfc •lo),'^o)- 

Thus we have Re(i^ • T{ej ■ • $o)) ^o) = and finahy ej(/) = for all 1 < i < n — 1. Moreover 
since f{q) = 0, the function / vanishes identically on dV n M, i.e.: 

□ 

We are now ready to prove the main theorem of this paper. 

Proof of Theorem\^ Using Proposition |S1 there exists a spinor field ip G r(S^(R!f:)) satisfying: 

Tl 

B^i^ = -fi^ 

where f{x) = and = xf + ... + + IV'I = f^~ and \D^Tp\ = /~^. Recall that this 
spinor field is given by: 

1 n 

ip{x) = (x)(l - x) ■ ^o{x) 

where #o is a parallel spinor which is chosen to satisfy: 

z.-r¥o((?) = ¥o((?), (34) 

at one point g E V H dM. From this spinor field, we construct an adapted spinor on M for our 
problem. So let r/ be a cut-off function given by r/ = 1 on B~^(q,6), r/ = on M \ B^{q,25) 
where (5 is a positive number such that 6 < 1 and B~^(q, z) is the half-ball of center q and radius 
z contained in the open set V defined in Section [51 Moreover, without loss of generality, we 
can assume that r] satisfies |V7/| < Cr, where C is a positive real number. In the following, the 
symbol C will stand for positive constants which can differ from one line to another. Let e > 
be a small positive number, then we set: 

V^,(x,t)=r?V^(^)Gr(S,(M)). 

Since the spinor field $0 satisfies (j34j) . Lemma [TTl and the properties of the chirality operator 
lead to: 

Using Proposition |H1 and Proposition IIUI we have: 



n 



+^ W V^(^) + 7?T • ^{^^) +r]V-Z- ^(^^) 

£ £ £ 

5— ??Hti/- ), 
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with |W| = O(r^), |Z| = O(r^), |T| = 0(r). Since the chiral bag invariant is independent of the 
metric chosen in the conformal class of g, we can assume that g is such that Rp is of constant 
sign and = 0. For this, one only needs to choose the conformal factor as being a solution of 
the eigenvalue problem @ and thus we obtain |Ht| = 0{r). We now develop the third term of 
the preceding identity. In fact, we can easily check that: 

i,j=l 1=1 

where X = / Y17j=i {H ~ ^D^j^i £ r(TM). Using the development of 5;^ given in (|29|) yields to: 

1 " 1 
7f E (^^ - 1)^0 = ^/t(0(r))¥o (35) 

Then we develop: 

\Bg^f{x, t) = (!) + (//) + {III) + {IV) + {V) + {VI) + {VII) + {VIII) + {IX) + {X) 
+{XI) + {XII) + {XIII) + {XIV) + {XV) + {VI) + {XVII) + {XVIII) 
+{XIX) + {XX) + {XXI) + {XXII) + {XXIII) + {XXIV) + {XXV) 
+{XXVI) + {XXVII) + {XXVIII), 

where: 



(I) 




ill) 




{III) 




{IV) 




{V) 


= ^2|T|2|^|2((M) 


{VI) 


= ^2|2|2|^|2((M) 


{VII) 




{VIII) 


= f/(^)Re(Vr?.^((f)),V^((f))) 


{IX) 
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{X) 


= 2??Re(V?7-V^(^),W-V^(%^)) 


{XI) 




{XII) 


= 2riRe{Vr]-lp{^),D-Z-ii{^)) 


{XIII) 


= 2hr)Re{Vr]-lp{^),V-lp{^)) 


{XIV) 




{XV) 


= n^/(^)Re(V^(^),W.V^((f))) 


{XVI) 


= n^/((f))Re(V^((f)),T.V^(%*))) 


{XVII) 


= n^/((f))Re(V^((f)),i7.Z.V^((f))) 


{XVIII) 


= nf/((M)Re(V^((f)),/.i;.V^((f))) 


{XIX) 


= i U,=i {H - s^)M^^ ■ va,v(^), w . i.{^)) 


{XX) 


= ? EL=i - ■ Va,^(¥),T . ^((f))) 


{XXI) 


= i E- ,=1 i^i - Si)Re{d, . Va,^(^) , • Z . ^( (f))) 


{XXII) 




{XXIII) 


= 2772Re(W-V^(^),T-V^(^^)) 


{XIV) 


= 2r?2Re(W-V^(%^),?-Z-^(^)) 

' * '\c/' '\C/' 


{XV) 


= 2VRe(W-V^(^), z;-V^(^)) 


{XVI) 


= 2r/2Re(T-V^(%^i),i7-Z-V^(%^^)) 


{XVII) 


= 2VRe(T-V^((fi),i7-V^((f))) 


{XVIII) 





where h = — ^^^Hf. Since V?7 and T are 1-forms and Z is a 2-form then: 
{VIII) = 0, {XVI) = 0, {XVIII) = {XXVII) = and (XF///) = 0. 
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Using this development, the properties of the fields W, T, U and h given in Proposition IIUI and 
since we assumed that \Vrj\ < Cr and r < 5 < f , one can check that: 

• (/) + (iv) + (v) + {VI) + (yii) + (x) + (xi) + {XII) + {XIII) + {XXIII) + {xxiv) 

+{XXV) + {XXVI) < C7r2/""^(^) 

• {IX) + {XV) + {XVII) + {XIX) + {XX) + {XXI) + {XXII) < ^r2/"(^) + f r^+H^ 

. (//) + (///) + {XIV) < + §rr^'{^) + §r^r{^^). 

We can then write: 



e 



£ 



£ 



n 



)[1 + A], 



where A = Cr + Cr^f-^{^) + Cer^ + Cr2e/-i((^) + Cr''£T^{^). Note that 
iDg'i/'gp > 0, then A > —1. On the other hand, if x > —1 we have: 



smce 



so we get: 



n 

(1 + < 1 + 



n 



■X. 



n + 1 



< 





2n 




n \ 


n + 1 J 


2e/ 



£ 

,{x,t) 



)[1 + 



n + 1 



A], 



I.e. 



n 



n + l 



2n 



^e"^ n + l ^e'^ 



n+l £ ' n+l 



n + l 

Integrating the last inequality leads to: 



£ 



n + l 



{x,t). 



f 2n 2n 

/ |Dg'0el^dt'(5) < e~A + B + C + D + E + F 
Jm 
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where: 



B+(25) e 



B = C- 



n 



n + 1 



B+(25) 



rr{^)dv{g) 



C- 



n 



n + 1 



B+(25) 



D = C- 



n 



e 



n + l Jb+{2S) e 



)dv{g) 



E = C7- 



n 



n + 1 



n + 1 



B+(2<5) 



^2^„-l(M))d,(5) 



B+(25) 



Now we have to esthnate these terms. Let's start with A. Note that since the function / is 
radial, spherical coordinates lead to: 



'^n-l 



^ ^B+{2<5) £ 



where: 



5(r) 



Vdet(5^ds(x). 



However with the help of the development of the volume form of (M, g) (see |Esc92aj ). we have: 

S{r) <l + Cr, 

and thus: 

'^n-l 



A < 

'b+(25) 

A simple change of variables gives: 



r^-^r{^)dr + C 



b+(25) e 



A < i^e" 



2S_ ,.2S 
n—l fn/ 



r^-^p(r)dr + Ce / rT{r)dr 



Some calculations show that if n > 1: 



r''-'r{r)dr = o(l), 



rT{r)dr = o(lne). 



We finally get: 



A < 



r"-V"(r)dr + o(l) 
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We now give an upper bound for B. In the same way, we compute: 



B 



= Cf rr{^-^)dv{g) 

< c[ rr(^-^)dx + C [ rV"(^) 

JB+(2d) £ Jb+(2S) £ 



dx 



I.e.: 



B < C£"+i / ' rT{r)dr + / ' r"+V'^(r)dr. 

Jo Jo 

We can easily check that if n > 1 then B = o(e"). For the quantity C, we write: 
C = C[ r'r-'{^^)dv{g) 

JB+{2S) ^ 

< c[ rT-H^)dx + C I r^p-U^) 

Jb+(2S) e Jb+{25) £ 

which after a change of variable gives: 



dx 



25 25 

Jo Jo 



We can thus conclude that if n > 3, C = o(£"). The term D satisfies: 
D = Ce 



B+(25) 



r'r{^-^)dvig) 



< Ce I r 



B+(25) 



^r(^)dx + Ce [ r^p(i^)dx 



and then: 



2S_ 2S 

D < C£"+2 / ' r'^+^p{r)dr + / ' r''+^p{r)dr. 

Jo Jo 

So we have shown that if n > 1, D = o(e"). In the same way, we compute that if n > 3, then 
E and F satisfy E = o(£"') and F = o(£"). Finally we get that for n > 3: 



JjBg^,\^^dv{g) < (-) 



£ "+1 



r''-'r{r)dr + o(i; 



and so: 



a n + l 2 71 + 1 

\T^,-^^^^dv{g)) " <^(^) " I^s-^(l + o(l)), 



(36) 



where I := ^f^(r)dr. We are now going to estimate the denominator of the variational 

characterization of Ainin(M, 9M). Indeed we have: 

Re(Dg-^„lp,) = {l') + {n') + {IIl') + {IV') + {V') + {Vl') + {VIl'), 
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where: 



(/') = r?Re(V^-?(^),?(^)) 

(III') = -^t^vHH-m^idi^i^-^)^^-^)) 

{IV') = r?2Re(W.V^(^),V^(^)) 

{V) = r?2Re(I7.Z.V^(i^),V^(i^)) 

{VI') = r/2Re(T.V^((^),^(i^)) 



{VII') = rfRe{hV.i^{^),^{^)). 

We then easily check that since: 

(/') = 0, {VI') = and {VII') = 



we have: 

where we let: 
A' 



M 



Re{T)gil)^,i)^)dv{g) 



A' + B' + C + D', 



n 



2e ./b+(25) " ' e 



f{^)\W{^)dv{g) = ^ , 

£ ^£ -'B+(25) £ 



r{'^)dv{g) 



^' = jT. {bi-6i)Re{d-^{^-^),^^^))dv{g) 



D' 



B+(2<5) 



Re(W-V^(^),V^(^))dt;(9) 



B+(25) ^ £ ^ W 



However using Proposition IIUI we have |W| = O(r^) and |Z| = 0{r'^), thus: 



C' + D' 



B+(25) £ 



so: 
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As done for the numerator, we compute: 



A' = ^ [ r{^-^)dv{9) 



2e 

and for n > 1, we conclude: 



2e 7b+(25) e 

B+(25) e e -'B+(25) e ' 



A' = ^a;„_ile"-i (1 + 0(1)). 



4 

Using the estimate of the term B, we check that: 

B' = -/ rr{^)dv{g) 
e Jb+{25) e 

and so B' = o(e"~^) if n > 3. An similar calculation shows that C + D' = o(e"^^) if n > 3. 
Finally we get: 

M Z Z 

Now using the variational characterization of Aniin(M, OM) given in Proposition [21 we obtain: 

AminliVi,aiVlJ ^ , ^^^^ p. 

The estimate of this functional allows to write: 

n+l 

' ' L ri S 



which gives: 



2n + 1 

|/j^Re(D,V„V'.>rf^;(5)| -2^2; ^ ^ ^ 
However since Wn-il = 'i^n, we get: 

A^in(M, 9M) < ^ " (1 + 0(1)) = \^^{^l,dSl) (1 + 0(1)) , 
and we can thus conclude that Amm(M, 3M) < Amin(S+, c^S+)- D 

Remark 2. T^fs result gives in particular a spinorial proof of Escobar's result given by |3|). 
Indeed, using the Hijazi inequality (0), we note that: 

2 2_ 

n , ,^ . , , .0 . , ,„n ;3sn \2 _ l^n\n 



-M(M,aM) < A„,in(M,9M)^ < \^^{El,d^lY = -r[^ 

4(n — 1) 4 V 2 



/i(M, 9M) < n(n - 1) ( =^ ) " = /i(S!^, 98'] 



2 
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7. The case of surfaces with boundary 



We can show that Inequahty (|26|) still holds if M is a compact Riemannian surface with connected 
boundary. However, the test spinor needs a slight modification. We follow the argument given 
in |(4Hn6j (see also lAHMn.Sj l. In fact, we show: 

Theorem 12. Let (M^,^) be a compact Riemannian surface with connected boundary. Then 
the chiral bag invariant satisfies: 

A^in(M, dM) < A^i„(§^, dSl) = V2^. (37) 

Sketch of proof: First note that since M is a surface it is always spin and it is equipped with a 
chirality operator given by the complex volume element of the spinor bundle. Moreover we can 
assume that g is locally conformally flat and since the boundary is connected it is umbilic. Now 
let < e < a < 5 be real numbers and consider the positive function defined by: 



2e2 



fe{x) 



if r < a 
if r > a 



where r = d{q,x) and q G dM. Using Proposition El there exists a spinor field t/^ G r(E^(M^)) 
which satisfies: 

DgV = N 

where /(r) = G C°°(M) and the spinor can be written: 

where $o is a parallel spinor field such that B~($o)('?) = 0. Now let r] a smooth function on M 
such that: 

= { i on M \ B+(25) l^^l ^ -5 

with B^(25) C V and V is an open flat subset of M defined in Section [21 We then consider the 
test spinor given by ipeix) = i]{x)ipij) (which by construction satisfies Bg (V'sI^m) = 0) so 
using Corollary jll we have: 

< JMlDAf/r'-iK..) 

where Xi{ge) is the first eigenvalue of the Dirac operator under the chiral bag boundary 
condition in the metric gs = f^g G [g]- We can then estimate this ratio and we obtain: 

Xiige) < ^+0(1). 

Now we compute the volume of the surface M equipped with the metric g^; we clearly have: 

Vol(M, g,) = [ f^dv{g) = e'^uJi (l + o{e)) . 

Combining these estimations leads to: 

A„,in(M,5M) < Ai(<7e)Vol(M,ge)^ =4(l + o(l)) =\^(l + o(l)) 
and then Inequality (j57|) follows directly since Anim(S4-, <9S+) = \/27r. □ 
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